TAUBERIAN THEOREMS AND SLOWLY
VARYING FUNCTIONS

BY
DAVID DRASIN

Introduction. Let k(x) be a fixed L,(— o0, o) function. Then if

[ kec-nrora

exists (either in the sense of Riemann or Lebesgue) for sufficiently large x, we
define

0 8 = [ kex=)f0) .

All functions discussed are assumed to be real-valued and g(x) will always refer to
the function defined by (1).
This paper is concerned with consequences of the Tauberian assumption that

(#)] gXfx)—>L (x> o)
where L>0. An important role will be played by functions ¢)(x) which satisfy
3) lim Y(x+a)/y(x) = 1 for every fixed a;

the letter ¢ will be reserved exclusively for functions which satisfy (3). In [4] these
functions are called slowly varying at co.

The situation discussed here complements that discussed in several classical
papers. For example, J. Karamata [7] showed that if

k(t) = ete™,
and if f'is positive and increasing, then from
@ gx)=e"(x) (A z0)
follows
l X,
&) J(x) ~ oD e*i(x)

where ¢ satisfies (3); conversely, f(x)=[['(A+1)] te**yi(x) implies that g(x)
~eMi(x).
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More recently, Feller [3], [4] noted that (4) and (5) are in turn equivalent to

glx+a) A
6 e — > T(A+1)er
© 7oy~ T+
for every fixed a, as x —oo. Note that (6) is formally a much stronger condition
than (2) (set a=0); one consequence of our results is that (2) and (6) are in fact
equivalent. For purposes of comparison, we record that I'(A+1) is the bilateral
Laplace transform of k evaluated at A:

) r+1) = f = Mk(t) di = Lk(N).

The goal of the present paper is to derive (4) and (3) from (2), making minimal
assumptions on k and f; this is the content of Theorem 1. Examples presented in §9
indicate that best results are to be obtained when neither & nor fare allowed to vary
sign; thus k and f are assumed nonnegative, and further restrictions will be listed
in §1. A converse to Theorem 1 is the content of §8.

In §10, we use Theorem 1 to derive a recent result due to Edrei and Fuchs [2]. It
was this result that provided the impetus for the present work.

The final section is devoted to extending Theorem 1 to the situation that g(x),
defined by

@®) g0 = [ kx=»)10)

satisfies (2) (because of (1.6), this is not covered by Theorem 1). This is an important
special case, since Karamata’s own characterization of functions of the form (4)
and (3) is that (8) and (2) are satisfied with f nonnegative and continuous, and
k(t)=e"* (t20) (the dependence on A and s is given in the statement of Theorem 6
in §11). Similar characterizations appear in Hardy-Rogosinski [5].

This paper is based on a portion of my doctoral dissertation written at Cornell
University; it is a pleasure to acknowledge the generous help and inspiration
supplied by Professor Wolfgang Fuchs. I wish also to thank Professors Harry
Pollard and Daniel Shea for several helpful suggestions.

1. Statement of Theorem 1.
DEFINITION. A measurable function f(x) is in class  if

(1) f(x) 2 0;
(2) for every fixed a,

(L.1) fx) <p@f) <o (-0 =x=za);
(3) there exist >0 and x, (which depend only on f) with
(1.2) f(x) > 8, X > Xo.
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DEFINITION. #’ consists of those functions f in 4 such that there exist ¢>0,
a,>0 and x, (depending only on f) with

(1.3) SOOI (x) > &, Xo < XSt Z x+a,

For example, a positive increasing function is in «#'. The major result is

THEOREM 1. Let f be in #', and assume that k(t) is measurable and satisfies

(1.4) Lk(s) = J'  emdk(t)dt existsif —o < 5 < p

-®

for some positive o and p (it is not excluded that one or perhaps both of o and p be
infinite) whereas

(L.5) ZLk(p) = Lk(—0) = 0;

(1.6) k(t) > 0 almost everywhere.

Then from

a7 [ ke=3)fO) dy = L +olf ) (x> )
Sfollows that

(1.8) f(x) = ey(x)

where

(1.9) for every fixed a, ﬂ'?/;‘(iTa) -1 (x = ).

In addition, X (Z0) must satisfy
(1.10) Lk()) = L.

REMARK. If fis assumed to be increasing, it is possible to simplify (1.4) by avoid-
ing any assumptions concerning the bilateral Laplace transform of k for negative
values of s. Condition (1.5) is used only in the proof of Lemmas 3 and 6; (1.6) is
needed in §§5 and 6.

With particular choices of the kernel k, some of (1.1)-(1.3) may be deleted. For
example, the g(x) defined by (1) with any of the kernels mentioned in the introduction
always satisfies (1.3), so if g/f— L >0, f must also. Conditions (1.1) and (1.2) are
needed only to prove Lemma 2, and often that lemma can be established inde-
pendently, again making use only of properties of the kernel itself. For example,
this can be done directly with any of the particular kernels mentioned thus far, as
well as with one of the kernels considered in §10.
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Since (1.7) is an asymptotic relation, the inequalities derived will be valid only
for large values of x; we abbreviate this by “for x>x,”. The letters C, K, etc.
will denote different constants in different contexts.

2. Preliminary lemmas and definitions. Assume (as will be shown in the corollary
following Lemma 7 of §4) that L>0. Then if fis in 4 and a is a real number,
define A (= A(a)) and x (=x(a)) by

et = lim sup {f(x+a)/f(x)}

2.1
= lim sup {g(x +a)/g(x)},
e = lim inf {f(x+a)/f (x)}
2.2) i

= li;ri Lnf {g(x+a)/g(x)},

where, as usual, g(x)=[ k(x—y)f(») dy. The latter equalities in (2.1) and (2.2)
are valid since g/f — L>0. If fisin #’, then x> — oo for every real a, and Lemma 8
yields that we may also assume A <co.

Both A and x depend on the choice of a; we compare them with A, the (real)
exponential type of f:

A = lim sup {log f(x)/x}
2.3) e

= lim sup {log g(x)/x}.
LeMMA 1. For every a>0, x (=x(@)) A2 A (=A(a)).

Proof. We show only that A< A, as the other inequality is more readily seen. If
A=A+2¢(e>0), then there would exist r, with g(r+a)/g(r)<e®=9%(r>r,). In
particular, this is true when ro £ r < ry+a. Hence, for every natural number n,

24 g(r+na)/g(r) < =24, ro <r = reta.
Choose ry, ro<r; <ro+a, with the property that

g(r))z1/2 sup g(t)

ro<tsSro+a

(if g were assumed continuous, the 1/2 could be replaced by 1); since g is also in .,
we may assume that r, is sufficiently large to ensure that g(r,;)>0.

Now if y > r,, find integer n such that ro+na<y=ro+(n+1)a, and then r* with
y=r*+na. Then, from (2.4)

g(y) < g(r*)e()\—s)(y~r‘)
< zg(rl)e(h-s)(v-r,)el)\—ela

= KeA-ow,
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Taking logarithms of both sides and letting y — oo leads to the definition (2.3)
being contradicted.
This lemma establishes the plan of attack: the goal is to show that

(2.5) x = A=A foreacha;

these equalities are equivalent to (1.8) and (1.9).

It is convenient to insert a lemma to be used in the asymptotic computations that
will be employed. The validity of this lemma provides the major reason for our
exclusive concern with class #. The proof is a trivial application of (1.1), (1.2) and
the integrability of k.

LEMMA 2. Let f be in #. Then for any real R and a,

[ kx-nso+ady = ofe) (x>0

3. Exponential peaks and proof of Theorem 1. The asymptotic computations
necessary for our proofs are greatly simplified by isolating arbitrarily large intervals
in which the function f which is assumed to satisfy (1.7) is comparable to an
exponential function. A similar technique has been exploited in several recent
papers devoted to the Nevanlinna theory of meromorphic functions (e.g. [1]).

DEFINITION. Let « and a be real numbers. A sequence {r,}-; tending to oo is a
sequence of upper a-exponential peaks for f if

G.1 S@) £ f(rm)e** (1 +0(1))

uniformly as ¢z— oo in the interval —ma+r,<t<ma+r,. Dually, a sequence
{Sm}m=1 tending to infinity is a sequence of lower a-exponential peaks for f if

(3.2) S(t) 2 f(sm)e***m(1+0(1))
uniformly as t — o0 in —ma+s,St<ma+s,.

THEOREM 2. Let a be any real number and let A= A(a) and x=x(a), with the
notation of (2.1) and (2.2). Then if « satisfies

3.3) x S A,
there exist both upper and lower a-exponential peaks for f.

The proof of this theorem occupies the major portion of this paper, and is
deferred to §§4-7; we assume its validity for the remainder of this section. It is in its
proof—particularly in the lemma of §6—that the strict positivity of k£ will be needed.

Now recall the number p determined by (1.5).

LeMMA 3. For every a, A (=A(a))<p.
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Proof. Let {s,} be lower A-exponential peaks; these exist from Theorem 2.
Then, from (3.2), with = A and the nonnegativity of all functions considered, it
follows that

Sy +

gn) 2 f " k(sn—y)f(7) dy

8m—ma

M

> {1+0(1)}f(sw) j ' -,,.: k(5= y)e-Ata -0 dy

= oy e{ [ ko e-ar}

Divide both sides of the inequality by f(s,), and let m — co. Since g/f — L as
X —> 00,

(.4) Lz f k() -2 dt;

in particular, £k(A) exists. Assumption (1.5) rules out the possibility that A=p.

If A were greater than p, this would contradict the fact that the domain of conver-

gence of a bilateral Laplace transform is a full vertical strip of the complex plane.
The bound on A just established leads at once to

LeMMA 4. Let {x,} be any sequence tending to infinity, and let v be subject only to
3.5) A <qy<op,
where A= A(a) for some value of a>0. Then there are constants C and mq, such that
fO) =2 Cf(xp)e™ %= (m > my).

Proof. It follows from (1.3) that for any real value of a there are constants X and
x; with

(3.6) Kinff(t) > f(x),
whenever x; <x=<t=x+a. Since 7> A, there is an x, (> x;) such that
3.7 f(x+a)lf(x) < e (x > xo).

Now if y=Zx>x,, choose x* in the interval (x, x+a] to satisfy y—ma=x*,
where m is a natural number. Then, iteration of (3.7) leads to f(y) <e™2f(x*),
which, upon taking (3.6) into account, becomes

J(y) < e =*Kf(x)
< Ce™v=2f(x).

LeMMA 5. Let {x,,} — 0. Then

[ kw2101 dy = o7 xa)
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Proof., Otherwise, for some ¢>0, there would be arbitrarily large values of m
for which
oSO < [ kxa=3)f0)dy
(3.8) e
< Cf(xy) J' k(t)e=™ dt;

we are using the estimate derived in Lemma 4 and an elementary change of vari-
ables. Since Zk(n) exists,

j ket dt < 2C (m > my),

@©

which, when substituted in (3.8) leads to a contradiction.
A similar result holds for the left “tail.”

LEMMA 6. Let {x,} — . Then

[ kxn=)f0) dy=otrxal

Proof. The argument is similar to that given in Lemmas 3-5. By considering
lower y-exponential peaks, it follows that £k(x) exists, so, using the notation of
(1.5), —o<y. Then if = is any number with —o<7<y, and R<y<x

J() < f(x)e7*7Y,
which when combined with Lemma 2 gives the lemma.
Consider now Zk, the bilateral Laplace transform of k.
THEOREM 3. Let « be any real number satisfying xS a < A. Then Lk(e)=L.

Proof. Let {x,} be upper a-exponential peaks, and write

20w = [ Keim—2)f() dy

= [ kxa= )10y o+ [ =)0

'm— m

+ f T k=2 dy.

Xm+ma
Lemmas 5 and 6 imply that the first and third terms on the right side of this equality
are o(g(xy)). Thus, from (3.1),

X +
X

g(tm) = 0(2(xm) + f " kxa=)1()

m—m

< og) ) [ e n k(=) dy

Xm—-ma

= olgCxa)+/Gxa) [ e ekie) .
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Divide both sides by f(x,,) and let m — o0. Since g/f — L, L £ Zk(a), and the re-
verse inequality follows exactly as in the proof of (3.4), upon replacing A by «.

Proof of Theorem 1. Suppose for some a, x (=x(a)) < A (= A(a)). Then for all
real « in the interval xS« < A, Lk(o)=L. But ZLk(s) is an analytic function of s
in the strip of convergence. Hence,

©

Lk(s) = f e-k(t)dt =L, 0 < Re(s) < p.

- 0
Differentiation under the integral sign is permitted, and so

(LK) = — f " e-ttk(t)dt = 0

in the strip of convergence. This cannot happen unless & is a null function [10], and
this possibility is explicitly ruled out by (1.6). Thus xy=A=A for every a; this is
merely (2.5), so Theorem 1 is proved.

4. This and the next three sections are devoted to the proof of Theorem 2. In

-addition, it will be shown that L>0, where L is determined by (1.7).
The assumption (1.3) that there exist a,, x, such that

@.1n fOUf(x) >e,  xo< xSt S x+a,

for class 4’ may seem one-sided. We first show that if f'is in .#' and g(x)/f(x)—L,
then L>0 and (4.1) is equivalent to the existence of an 5(e) >0, given >0, with

“4.2) SO (x) <1+e, xo<x =St S x+7(e).
LemMA 7. If fis in #', then there are constants C (>0) and y (>0) with
4.3) f(y) 2 Ce7"¥=®f(x), y 2z x> x

Proof. Choose ¢,0<e<1, and g, as in (1.3), and define y by e=e~7%. If nis a
positive integer and x+na, <y < x+(n+ 1)a,, then from

fO) _ fx+a)) fix+2a) _ f(»)
S&x) [ f(x+a0)  f(x+nao)

follows that
f(y) > e""“oe"‘”'*‘tf(x).

We are now able to settle an issue left unresolved at the beginning of §2:
COROLLARY. Iffisin #', k(t) satisfies (1.4), (1.5), and (1.6), and
[" ke=»)»)dy = Lroif@, x>0
then L>0.
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Proof. Indeed, using the last lemma, if a>0 and x> x,,
g = [ kx-nso
> [ kx-»ro) &

> Cf(x) fm k(t)e~" dt

= Cof(x);

thus, L= Ce.
A weak form of (4.2) may now be established:

LeEMMA 8. Let the assumptions of Theorem 1 be satisfied. Then for each a>0,
there are numbers K (= K(a)) and x, (=x(a)) such that

4.4) JOIfx) <K, xo<x=t=x+a,
4.5) g®)/g(x) <K, xp<x=tZx+a

Proof. It is clear from the last corollary that (4.4) and (4.5) each imply the other.
Choose any ¢ in the interval (x, x+a). Then, making use of Lemma 7, and the
positivity of all functions considered,

g > f " kx=y)f(v) dy

> oo [ ek dy

> (Ca/2L)g(1),
with «>0, in view of (1.6). Thus, when x> x,, g(?)/g(x) <(Ce)/2L.
5. Proof of (4.2). For each a>0, set

5.1 M(a; f) = lim sup {ngé‘,?w JOIf (x)}.

(Note from (2.1) that M(a; f)=e*.) Clearly M(a; f)=M(a; g)=1, and the last
lemma ensures that M(a;f)<oo. As a decreases to zero, M(a; f) also decreases.
Hence M=lim,.o, M(a;f)=lim,.,, M(a;g) exists, and (4.2) asserts that
M=1.

If, in fact, M were greater than 1, then there would exist sequences {x,} — co and
{t.}{ 0 with

(5.2) g(x,+1,)/g(x,) > M = 1+H, H > 0.
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Choose y>0 so that if E is any measurable subset of (0, 1) of measure =14,

(5.3) L k(t)dt > 2Ly,

and then determine A (>0) by

X)) h=0+H) - (1+H)'"
Finally, since fis in ', there exist ¢>0 and g, >0 with
(5.5 JOIf(x) > &

if XoSxSysx+a,.

For any £>0, and q, 0 <a<a,, the inequalities

FOIf(x) < M+¢,
g(t)/g(x) < M+¢

hold when R<x=<t=<x+a for some R. Choose ¢ to satisfy
X)) 0 < ¢ < hey,

where the constants on the right side of (5.7) are determined by (5.3), (5.4) and
(5.5). By appropriate relabelling if necessary, assume x,>R and ¢,<3a
(n=1,2,...). Finally, define

(5.8 E(8) ={y; -1 2 y—x, 2 0,f(y+1,) £ (M+"*f(»)}.

Since (5.6) implies

M+¢ 2 f(y+26)/f(y)
= {f+26)[f Y+ tI)H+ ) ()}
it follows that if —1=<y—x, =<0, either y or y+1¢, is in E,(£). Thus, the measure of

E,(¢) is at least 1/2.
However,

(5.6)

gOntt) = [ Kt tn=n)f() dy

- f: k(i — ) (9 + 12) dy,

50 (5.6) and Lemma 2 lead to

guti) s [ kxS O+ dy+ M+ [ kxu=)f0) dy

59 + j k=YY O+ 1)~ (M +OS ) dy

= (M+E+0o(l)g(xn) + f

En(

o k(= y XSy + 1) —(M+ &) f(y)} dy,
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and this last term requires further attention. From the definition (5.8) of E,(¢), it is
negative, and since E,(£) has measure at least 1/2, (5.3), (5.4), and (5.5) show that

f,,- K=+ )= (M + 1)) dy

< —h f k5= ) dy
< —hef(x,) 2Ly
< —heyg(r)  (n > mo).

Upon incorporating this estimate in (5.9), it follows that
(5.10) g(xntty) S {M+E—hey+o(1)}g(x,)  (n > ng).
Now divide both sides of (5.10) by g(x,), and let n — oco. The choice of ¢ in (5.7)
ensures that
lim sup g(xn+tn)/g(xn) < M—’?
for some 7 >0, and this contradicts (5.2).

REMARK. Let #” be the subclass of .# consisting of those functions for which
there exist K, a, (>0) and x, with

(5.11) fO) <K< (x> x)

when x<t<x+a,, and consider the statement of Theorem 1 with f assumed in
" instead of #’. Inequality (4.2) makes this seem a weaker hypothesis, but the
arguments of §§4 and 5 easily generalize to show that for >0, there would exist
an a>0 with

(5.12) SO (x) > 1+, Xo<xSts x+a

Thus, if fis in #, k satisfies (1.4)-(1.6) and g(x)/f(x) - L, conditions (4.1) and
(4.2) are equivalent.

6. The main lemma. Let a(>0) be fixed in the present section, and define
N (=N(a)) and v (=v(a)) by

N = lim sup g(x+a)/g(x),
v = lim inf g(x+a)/g(x).

Clearly, from (4.1), (5.1) and Lemma 8, —co<v=<N=M(a; g)<. (In the
notation of (2.1) and (2.2), N=e*2? and v=e¢*.) The next lemma parallels Lemma 1
of [2].

LEMMA 9. Consider sequences {x,} and {y,} tending to infinity with

g(x,+a)/g(x,) = N,

6.1
€D gy t+a)lg(ye) > v
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1. Then, given A (>0) and ¢ (>0),
6.2 g(s+a)/g(s) > N—e

whenever x,,— ASsSx,+ A, k> Ky(A, ¢, a).
II. Similarly,

g(s+a)g(s)<v+e
whenever

Yi—ASSSyt+A, k> Ky(A, ¢, a).

Proof. Only I will be discussed. If it were false, then for some 7 >0, there would
be arbitrarily large values of k with g(s+a) <(N—37)g(s) for s=s, in the interval
[x,— A, x,,+ A]. Discard all values of k for which such an s, fails to exist, and
renumber the remaining x, (and corresponding s,) from 1 to co.

Now select 6, 0< 6<1, such that

(N=-3p)(1+06)(1-0)"2 < N—29,

and next, in accord with (4.2) and (5.12), choose o >0 so that g satisfies
g(x)(1-6) < g(t) < (1+6)g(x)

whenever x,<x<t<x+o. Then if s, Sy<s,.+0,

gy+a) _ glsta) g(y+a) glsi)
g(») 8(se) 8&(sc+a) g(y)

(sx+a) g(s+a+o)
g(s)  g(skt+a)

S(N=-3p(+6(1-06)-2
< N-29

(6.3) < (1-6)-2&

if k is sufficiently large.
Since, by (1.6), k>0 a.e., there is a y >0 such that if E is an interval of length o
contained in the interval —4—o0=<t=<A4,

(6.4) | jkmw>%
E
Finally, we find X>0 such that if —4=<7<4 and y> y,,

(6.5) g(y+1t) > Kg(»);

this is possible in view of (4.2) and (5.12).
Suppose ¢ is determined by

(6.6) 0 < ¢ < (12LmyK.
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Then there is an R=R(¢) with the property that when ¢> R,

6.7 g(t+a) < (N+9g(),
and
(6.8) f@t+a) < N+&f@).

In view of (6.3) and the Tauberian assumption (1.7), we may assume that R is so
large that

(6.9) Sf(t+a) < N=-7)f(t)
provided

R<x—ASs,StSsgt+osSx,+A+o.

As we saw in §5,
(©10) gCuta) = [ kG=2)r+a) d,

so we deduce from (6.8) that

[ x-nro+ady < g [ ko-»10) ay
(6.11) .
[ Ko=)+ a) -+ DS O

and that last integral invites further attention. It is negative and, in view of (6.4)
and (6.9), does not exceed

@) [ k=) 0) dy 5~ {int Sl [ kGs—y) dy

6.12) < 3 [ Koy
S —(E+n0e(s*)2LYy

when k is large; s* is a point in [sy, s, + o] for which f(s*)<4/3 infosuso fsk+u).
Inequality (6.5) implies that g(s*)> Kg(x,). We incorporate this estimate of g(s*)
in (6.12). Thus,

fn " k(=) f(y+a)dy < (N+8) f: k(xe— )£ () dy = (L/2LYE+n)Kvg (x,),

and we use this in (6.10). Upon incorporating Lemma 2 into the above calculations,
it follows that

gt s [ ku=y)f() dy+(V+ D800~ (LXE+mKrg(s)

6.13
@19 £ {o()+(N+8)—(1/2L)nyK} g (xi)-
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Now divide both sides of (6.13) by g(x,), and let kK —oo. Since ¢ was chosen to
satisfy (6.6), assumption (6.1) is contradicted.

ReMARK. The result of this lemma holds also for f, since g/f— L>0. Thus,
given A4, ¢>0,

(6.19) f(s+a)lf(s) > N—¢
whenever
(6.15) Xe—A < s S x+4, k > KA, ¢, a),

and f(s+a)/f(s)<v+e whenever y,— ASsSy,+ A, k>Ko(A4, ¢, a).

7. Exponential peaks: Proof of Theorem 2. We return to the definitions of
exponential peaks of §3 and of the constants x (=x(a)) and A (=A(a)) of §2.
There are three cases to be considered.

CasE 1. a=A. First choose a sequence {1} tending to infinity with

lim f(uy +a)/f () = €.
It follows from (6.14) and (6.15) that for each integer m,

(7.1) eAa-ll(m+1)’ <f(t+a)/f(t) < eAa+1/(m+1)2

provided
u.—(m+a <t 2 u+m+a, k> k.

Let u;, be a value of u, large enough to imply #, —ma=m, and then determine
rn and s, so that uy, <rn, S, Sun+a and

(7.2) (1+1/m)-f(rm)e=2™ 2 sup f(t)e~*",
(7.3) (1= 1/m)-f(sn)e~4%n < inf f(t)e™,

for u, <t Su,+a. (If f were known to be continuous, the factors (1 + 1/m) could be
replaced by 1.) We shall prove that the {r,} are upper A-exponential peaks; the
reader will be able to adapt these arguments suitably to show that the {s,} are lower
A-exponential peaks.

If —ma+r,<tSrn,+ma, t will satisfy

(7.4 —(m+Da+u, <t = (m+1)a+up.
Suppose first that

(7.5) Uy £t < rp+ma;
thus,

t = tp+(y+n)a
where

(7.6) 0s<ns<m 0s<ysl
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The second inequality in (7.1) implies that for j=1,2,...,n,
S+ (y+j—Da)ehe+ 1™+ 02 > fup +(y+))a),

0, upon combining these n inequalities,

S () S Sl +ya)ednasnin+ 22

§ f(u"’l+ya)eAna+ll(m+1).
If (7.2) is incorporated with (7.7), it follows that
@) £ flrm)et¢ =Tt ™* (1 +1/m)}

which proves (3.1) if ¢ satisfies (7.5). If

(7.8) rm—ma <t < up,

.7

we write
t=up—(y+na
where (7.6) holds. The left inequality of (7.1) shows that for j=1,2,..., (n+1),

Sn+A—y=jla)ete D2 < flup+Q2—y—j)a),
so combining these inequalities,

f(t) < f(u"n + (1 —y)a)e~(+DAa-1m+1)
After (7.2) is taken into account, this becomes

J(@) < f(rn)e¢~TmAet™* (1 +1/m)}

when ¢ satisfies (7.8). Thus, Theorem 2 is proved for the special case o= A.

CASE 2. a=x. A development dual to that of case 1 produces the required
peaks.

CASE 3. x<a<A. We first produce the upper peaks. Let {V,} be upper A-
exponential peaks and {7} be upper x-exponential peaks. By suppressing some of
these, it is possible to assume that T, <V, < T, <V, - ..

Consider the auxiliary function F(x)=f(x)e~**. For each natural number m,
choose R,, with the property that R,, is in I,, and

F(Rn)(1+1/m) 2 sup F(1);

we are denoting by I, the interval [V,,—ma, T, ,,+ma). The desired upper peaks
{rn} may now be selected:

Im = Va if Vo—mas<R,=V,
=Rm if Vm<Rm<Tm+1
m+1 lf Tm+1 -—<= Rm é Tm+1+ma-

Inequality (3.1) is certainly satisfied when r,=R,. Suppose, however, that
Vm—mas R, =V, It is only necessary to prove that

F(rn) 2 F(RnX1+0(1)).
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Since the V,, are upper A-exponential peaks,
S(Ry) £ f(Vi)etFn=VnX(1+0(1)),
so, noting that R, < V,,, A20 and r,=V,, it follows that

F(ry) = f(rn)e=%'»
= f(Vn)e “'n
2 f(Rp)e""m~%m>=“Vn(1 +0(1))
2 f(Rp)e*Vm ~Fn)=%Vn(1 +0(1))
= f(Rn)e™ *Fn(1+0(1))
= F(R,)(1+ o(1)).

A similar argument applies when Ty, < R,<T,,,+ma, in which case r,=R,,
so the {r,} are upper a-exponential peaks.

The lower peaks are constructed analogously, using the intervals J,, =[t,, —ma,
vy +ma) where t, <v, <t;<v,- - -, the {t,} are lower y-exponential peaks, and the
{vn} are lower A-exponential peaks. We omit the details.

8. A converse to Theorem 1. Let k(x) be a nonnegative function whose bilateral
Laplace transform exists when — & <s< p =00, with 8, p>0 (note that (1.6) is not
needed). Let y(x) be any nonnegative function with the property that

8.1) Y(x+a)fP(x) -1 for every a, x — o0.
Next, define

(82 J(x) = e¢(x),

and assume that

8.3) f(x)isin A

(thus (1.3) need not be assumed). Note that (8.1) implies that if <0, e™})(t) — O,
so if fis to be in ., it follows that A= 0.

THEOREM 4. Let f satisfy (8.3) and (8.2) (where i satisfies (8.1)). If g is defined by
80 = [ kx=p)10)
then as x — o, g(x)/f(x) — L, where

L = Sk = f e~k(r) dt > 0,
REMARK. If either A>0 or f is monotone increasing it is possible to drop the
condition that £k(s) exist when —8<s=<0(8>0).
The proof of Theorem 4 depends on a property of a function (x) satisfying (8.1)
that was discovered by Karamata [6] (for an independent proof, see Besicovitch’s
lemma in [5]).
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LEMMA 10 (KARAMATA). Let y((x) be a real-valued function for which (8.1) holds.
Then J(x+ a)[(x) — 1 uniformly, as x — oo, in any interval —A<a< A.

Proof of Theorem 4. The theorem claims, after simple manipulation, that

(8.4 [ ke=y)ergmmn -1y dy < 5o

Let 4>0, to be determined later, and partition the range of integration in (8.4)
into (x+4, ), (x—A4, x+4), and (—oo, x—4), denoting these corresponding
integrals by I, I,, and I;.

Consider first I;,. We find an 4, with the property that

@.5) f T kx—p)e gy <o (4> Ao, x > X))
xX+A
and

8.6) j © K=y )ay < o) (A > Aoy x > %)

X+

Inequality (8.5) is immediate since £k(X) exists. To see that an 4, may be chosen
to satisfy (8.6), choose 7 >0 to satisfy A+7-. p, and then find x, sufficiently large
so that

8.7 P(x+u)fh(x) < e"

when 0Su =<1 and x> x,; this follows from Lemma 6. An analogue of Lemma 4
yields that if y=x 2 x,, $(y) < Ce"™ ~*4(x), from which (8.6) follows at once.
For any fixed 4, I, <e if x is sufficiently large since

k(£)e"{h(x— )p(x)—1} -0

as x — oo, dominated (for large x) by 2k(t)e-* e L,.
We turn to I; and (after a change of variables) show that 4, and x, exist with the
property that [ k(1)e ™ dt<e (4> A4,) and

®.8) fA T k(e M= DO dt < & (A > Ay x > xo).

Only the proof of (8.8) need be given. Choose ¢*, 0<e* <A+ 8 (recall that A=0).
An argument dual to that which led to Lemma 4 yields that there is an x, with
Y(u) < Ce**®~Y(v), x, <usv. Let u=x—t and v=x; then the last inequality
becomes

(8.9 Y(x—1) < Ce*y(x), 0st<x—x.
Next, using (1.2), determine x, (> x;) such that

(8.10) fx) > >0, X > Xo.
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Finally, if > x—x,, (1.1) implies that
(8.11) Sfx—1) < u(xo;f) < oo.

Then if x> x,, estimates (8.9), (8.10) and (8.11) show that the integral in (8.8)

is majorized by

- A—et l"(xo,f)
CI * e k() dt +———= o) x-xok(t)dt

< xfy+ O [ eo- ey e [ty at -
A A

But both k(z) and e~* " k(¢) are in L,(0, o), and so (8.8) can be made as small
as desired, when x> x,, if 4 is sufficiently large.

9. Some counterexamples. We give two examples to show that the conclusion
of Theorem 1 need not follow from the condition

[ ke=yf) dy = L +o3r)

if either k or f assumes both positive or negative values.

Let A(t) (0=t=<2) be a continuous function satisfying
9.1 h(1—u) = h(1+u), 0suc=gl,
9.2) h(0) = h(2) = 0,
and, given A>0, define k(¢) for all values of ¢ by
9.3 k(@) = C.eMh(t—2n),

when 2n<t<2n+2, n=0, +1, +2,.... The C, are positive numbers chosen so
that k fulfills (1.4), (1.5) (for some p> }).

Suppose we no longer insisted that k be of constant sign. It is then easy to find an
h defined on [0, 2] which satisfies (9.1), (9.2), vanishes for only four values of ¢,
and satisfies

©.4) L * he) di = fo *Wt)cosmtdt = B > 0.

Let f(¢)=e*(A +sin =t), where A > A~ (1 +m); then f'is nonnegative and increasing,
so in 4. Note, however, that fis not of the form e*y(t), where i(z) satisfies (1.3).
However

80 = [ k=20 dy
- 7 re—ymn @y

_ J’ ® & *-{4 +sin wx cos my—cos =x sin wy}k(y) dy.



1968] TAUBERIAN THEOREMS AND SLOWLY VARYING FUNCTIONS 351

Upon writing this last term as three individual integrals, and observing (9.1), (9.2)
and (9.4), it follows readily that g(x)={B8-> C,}f(x).

If k is always to be nonnegative but f is allowed to vary sign, consider f(x)
=¢ sin mx, let h be positive and satisfy (9.1) and (9.2), and define k as in (9.3).
Then, g(x)={8 > C,}f(x), although f is not of the form eMif(x), where ¢ satisfies
(1.3).

The same examples show that k and f may not vary sign if we are to draw the
conclusion of Theorem 1 from the assumption that

[ kx=»10) dy = L+ o,

which is considered in §11.

10. An application of Theorem 1 to entire functions. Let / be an entire function
of the complex variable z, and let M (r)=max,,, -, | f(z)|. The order A of fis defined
by

A = lim sup —’log ll(c)ygg Irl{(r)

and we assume here that 0<A<1.
Finally, let n(t) denote the number of zeros of fin |z| =¢ (for convenience, we
assume f(0)=1) and

NG) = ftz(—t)dt.

o !

Valiron [9] proved that if all the zeros of f are real and negative, then either of

(10.1) n(r) ~ r’y(r) (r — o0)

or

(10.2) N(r) ~ A7rM(r) (r - )

where ¢ satisfies (3) are equivalent to

(10.3) log M(r) = log f(r) ~ {m csc mA}r’yq(r) (r — o0).

We have the complementary result, essentially due to Edrei and Fuchs [2]:

THEOREM 5. If fis of order A, 0 < A< 1, with all zeros real and negative, then either
of the conditions

(104) log M(r)in(r)>L >0 (r—>o0)
or

(10.5) log M(r)/N(r) =LA >0 (r—o0)
imply that

(10.6) log M(r) = r™(r)
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where for each fixed ¢ >0,
(10.7) $r)(r)—>1  (r—>c0).
Further, A is determined by
(10.8) L = mcscnA
Proof. We use the classical formula [8]

log M(r) = log f(r) = rj:o t(’ttgt-)r) dt

which becomes, after an integration by parts

log M(r) = rf: (INT(i))—,dt.

Now let r=e*, t=e", and define m(x), M(x) and G(x) by m(x)=n(e*), M (x)=N(e*)
and G(x)=log M(e*). The formulas become

(109) 669 = [ ka(x=ymiy) dy
and

(10.10) 6e) = [ kalr—y)M () .
with

(10.11) k(1) = (1+e-t)™1

and

(10.12) ko) = (¢+2+e) 1.

Both m and M are positive and increasing, so certainly in .#’, and k, clearly
satisfies the hypotheses of Theorem 1. Since (10.4) states that G(x)/m(x) — L,
Theorem 1 applied to (10.10) yields that log M(r) satisfies (10.6) and (10.7).

Theorem 1 may not be applied at once to the situation (10.9), as k,(¢) is not
integrable. However, the condition f(0)#0 implies that m(y) vanishes to the left
of y=K, for some K. This leads to a direct proof of Lemma 2, which was the only
place where the integrability of k¥ was needed. Hence, (10.6) and (10.7) follow from
(10.9) and (10.5).

Finally, (10.8) is merely a restatement of (1.9) with the kernels in (10.11) and
(10.12); it can, of course, be established independently by use of a standard contour
integral.

11. We now show that the conclusion of Theorem 1 holds when g is defined by

(1L1) g(x) = j " k(= y)f () dy.
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THEOREM 6. Let fe MA', and assume that k(t) is in L, and

(11.2) k() > 0,a.e., 0=t< o,
and let

f ® k() dt

0

be finite only when — o <s, for some o, 0 <o =Z00. Then from
(11.3) fo k(x=y)f(»)dy = {L+o()}f(x)  (x—> ),
with L> 0, follows that
(11.49) f(x) = ey(x)
where
(11.5) Sor every fixed a, Y(x+a)/p(x) - 1, (x — o0).

In agidition, A (20) satisfies

fw e k() dt = L.

0

REMARK. It is necessary to assume explicitly that L>0; (11.3) is satisfied with
L=0 when f(x)=e** and k is any L, function.

The arguments of §§2-7 apply with minor modifications to this situation; we
sketch the details. §2 deals only with properties of functions in #’, so may be
carried over verbatim. However, the notion of exponential peaks must be revised :

DEFINITION. Let « and a be real numbers. A sequence {r,}5-, tending to o is a
sequence of upper a-quasi-exponential peaks for f if

(11.6) f@t) £ f(rm)e** =1 +0(1))
uniformly as # — oo in the interval
(11.7) —ma+r, £t ry,

Dually a sequence {s,,} tending to infinity is a sequence of lower a-quasi-exponential
peaks for fif

(11.8) 1) Z f(sm)et=sm(1 +0(1))
uniformly as ¢ — oo in the interval
(11.9) —ma+sy, St £ Sp.

The major revision is that (11.6) and (11.8) only hold on one side of the peaks
(11.7) and (11.9). This is not surprising, since (11.1) shows that g(x) depends on the
behavior of f(») only for y < x. Theorems 2 (with quasi-exponential peaks instead
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of exponential peaks) and 3 and the proof of Theorem 1 are all applicable; the
proof of Theorem 3 in this context is easily adapted from the discussion of §3. A
major simplification is that the discussion in §3 culminating in Lemma 5 is un-
necessary as the form (11.1) shows.

The analogues of the results of §4 are valid also, but the order of discussion and

the proofs must be revised.

LeMMA 11. If the hypotheses of Theorem 6 are satisfied, then for each a>0 there
exist K and x, such that

(11.10) JOIfx) <K, xo<xstsx+a,
(11.11) g0)g(x) < K, xo<xSt= x+a.

Proof. It suffices to prove the lemma only when a is sufficiently small; we assume
throughout the proof that a < a,, determined by (1.3). Choose x, with the property
that

(11.12) FOU®) > e
(11.13) g(1)/g(x) > ¢

when x; <x<t=<x+a, and a<a,. Then, using Lemma 2,

8@ = [ kx-1s0)
e ke-nso-ad+ [ ke-nrod

- f " k(=) f(y—a) dy+o(g(x),

SO

(11.14) 8@ > ¢ [ kx+a=p)f() dy+olg().

On the other hand, from (11.12)
(11.15) f:: k(x+a—y)f(y) dy < g-v(x+a){ fo * k(t)dz},
so combining (11.14) and (11.15) leads to

gera) = [ kxra=y)10) dy
< (e'1+o(l))g(x)+{ f: * k) dt}e'“f(x+a)

< @ roge+{ [ ko drfen gt v
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Since & is independent of a, so long as a<a,, the lemma follows from choosing a
with

2a
f k(t) dt < 3¢L.
/]

The proof of the stronger property that given > 0 there exist »>0 with
SOOI ) < 1+9,  g()/g(x) < 1+,

when x,<x<t<x+v is easily adapted from the corresponding derivation in §5.
The lemma of §6 appears as

LeMMA 12. Let a>0 be fixed and define N (=N (a)) and v (=w(a)) by
N = lim sup g(x+a)/g(x) (<o),

v = linl inf g(x+a)/g(x) (>0).

Consider sequences {x,} and {y,} tending to infinity with

glxx+a)/glx) > N,  g(ye+a)lg(yy) —v.
1. Then, given A (>0) and £ (>0),

g(s+a)g(s) > N—e
whenever
x.—A S5 £ x, k > Ky(A, ¢, a).
I1. Similarly,
g(s+a)/g(s) < v+e

whenever
yk—A é A é Vs k > Ko (A, &, a).

The proof of this lemma as well as the construction of the relevant exponential
peaks, follows as did their counterparts in §§6 and 7. The examples of §8 apply also
to the present situation.
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